A general expression for the differential cross-section describing the properties of radiation following the ionization of polarized atoms by polarized electrons is obtained in two-step approximation by using the methods of atomic theory. The special cases of the general expression suitable for the specific experiments are derived. In the case of the ionization of nonpolarized atoms by non-polarized electrons, the expressions for the parameters of the asymmetry in the angular distribution of fluorescence as well as angular correlations between fluorescence photon and one of emitted electrons are presented. The magnetic dichroism in the angular distribution of fluorescence radiation is studied.
Introduction
The ionization of atoms by electrons is one the most important processes in plasmas. Polarized atoms and ions are present in plasma where directed flow of charged particles take place. Then, the emitted radiation can also be polarized [1] . The tokamak may serve as an example of such devices. The polarization of electron-impact excited radiation or fluorescence from tokamak plasmas was used for its diagnostics [2, 3] . This polarization is caused by non-equilibrium population of magnetic levels or ordering of the excited and ionized atoms, otherwise known as self-alignment. It arises in the collision process because of oriented flow of atoms or (and) electrons [1] . Thus, for theoretical modelling of elementary processes in plasmas, the expressions of the cross-sections describing the polarization of atoms both in initial and final states are of importance. The main task of the present work was the derivation of a general expression for the cross-section suitable to describe the properties of fluorescence radiation following ionization of polarized atoms by polarized electrons.
Density matrix formalism [4] was the usual method for investigation of polarization and angular distributions in these processes for many years. Recently, a number of alternative methods was introduced [5] [6] [7] [8] [9] [10] [11] . A unified quantum collision theory in the wavepacket approach for the analysis of kinematics of various atomic collision processes by using the density matrix, relativistic approach, and helicity formulations was proposed by Huang [5] . Da Pieve et al. [6] have commenced studying the angular correlation between a photoelectron and subsequent Auger electron from atomic targets in a single particle scattering approach, since it is more convenient for extension to the solid state case. The methods usually used in atomic theory were applied for the investigation of photoionization of polarized atoms by Kupliauskienė et al. [7, 8] . In this approach, the probability or cross-section of the interaction of polarized electrons (photons) with polarized atoms was expressed as a multiple expansion over the multipoles (irreducible tensors) of the state of all particles taking part in the process both in initial and final states [7] [8] [9] [10] . The extension of this method to the multi-step processes was presented in [11] . The ionization of polarized atoms by polarized electrons was investigated by Kupliauskienė and Glemža [9] using distorted wave approximation as well.
The investigations of fluorescence following ionization of atoms by electrons are not numerous. In the case of ionization of non-polarized atoms by non-polarized electrons, the expressions for angular distribution of Auger electrons were obtained by Berezhko et al. [12] using the density matrix approach. Recently, the asymmetry of angular distribution and polarization of argon K X-radiation following the ionization of non-polarized atoms by nonpolarized electrons was investigated experimentally [13] . Thus, the present work is a further development of atomic theory methods for two-step process of fluorescence following the ionization of atoms by electrons. The next section is devoted to obtaining the general expression by applying a method used in atomic theory. Its special cases are presented in Section 3. The inequality 'fine structure splitting line width hyperfine structure splitting' is also assumed. Modifications enabling one to take into account hyperfine structure splitting can be easily made [8, 10] .
General expression
The process of the fluorescence radiation following ionization of polarized atoms by polarized electrons can be written as follows:
Here α i indicates the configuration and other quantum numbers, J i is the quantum number of the total angular momentum, and M i is its projection onto a chosen direction for atoms (ions) in the initial (i = 1), intermediate (i = 2), and final (i = 3) states, respectively, p i , m i are the momentum of an electron and its spin projection in the initial (i = 0) and final (i = 1, 2) states. The energy ε (in atomic units) of an electron is related to its momentum p via p = (2ε) 1/2 . k 0 indicates the wave vector of emitted photon, andˆ q is its polarization unit vector, where q = ±1 for circularly polarized light. Any other polarization can be obtained as a superposition of left-and right-hand polarizations.
In two-step approximation, the expression of fourfold differential cross-section, describing fluorescence decay following the ionization of polarized atoms by polarized electrons, can be written in the form of an expansion over the multipoles of a non-registered intermediate state of ion A + (α 2 J 2 M 2 ) by using the method proposed in [11] as follows:
In (2), dΩ i describe the scattering angle for the scattered (i = 1) and emitted (i = 2) electrons and fluorescence photons (i = k 0 ). The expression for the first term in (2) can be obtained from Eq. (13) of [9] by applying the procedure described in [10, 11] and it is as follows:
Here
whereĴ denotes the polar and azimuthal angles of the orientation of the angular momentum J with respect to the chosen z axis, and
In (5), V in the reduced matrix element [9] marks the operator of electrostatic interaction between atomic and projectile or scattered and emitted electrons. The second term in (2) has the following expression [10, 14] :
The reduced matrix element in (7) is equal to
the constant C 1 = 1/(2π), and
is defined in [10] . p = 0 indicates the operator of electric multipole transition (Ek) [15] 
and p = 1 represents the operator of magnetic multipole transition (Mk) [15] 
Here L (1) and S (1) are operators of orbital and spin angular momentum, respectively, C
is operator of spherical function normalized to [4π/(2k + 1)] 1/2 [16] .
Note that the parities of electric and magnetic multipole fields are (−1) k and (−1) k+1 , respectively. Only either magnetic (Mk) or electric (Ek) part contributes between specific electronic states, owing to parity selection rules. Since we are considering pure photon states, there is no need to introduce Stokes parameters explicitly.
The expressions (2), (3), and (6) represent the most general case of the cross-section describing the polarization of all particles participating in the process (1) and angular distributions as well as angular correlations of the electrons and photon in the final state. These general expressions can be used to derive the expressions applicable for specific experimental conditions with smaller number of polarization states specified. To obtain the special cases, one needs to integrate over the angles of one or both escaping electrons and to sum over the magnetic components of some angular momenta. The following summation and integration formulae [8] make this easier:
Usually, the experiments are performed by using both non-polarized atoms and non-polarized electrons and the state of polarization of the scattered and emitted electrons as well as that of ion in the final state are not registered. Then, expressions (3) and (6) become simpler because of
In the case of N 2 = 0, we have
where
Some more simple cases of the general expression (2) are derived further as examples. They cover the most frequently measured set of characteristics and use the experiment geometry. Expressions (14) and (15) enable one to readily obtain a number of special cases.
Special cases

Total cross-section for fluorescence following the ionization of non-polarized atoms by non-polarized electrons.
The total cross-section describing the fluorescence radiation emitted after ionization of non-polarized atoms by non-polarized electrons, when the polarization state of particles in the final stage of the process (1) are not registered, can be obtained from the general expression (2) by summing over the magnetic components of particles in the final state and averaging over them in the initial state, as well as integration over the angles of scattered and emitted electrons and radiation. The result of these procedures can be written as a product of two probabilities:
On the right-hand side of (17), the first term is the total ionization cross-section of an atom, and the second term is the probability of radiative transition between the levels in ion A + .
Angular distribution of fluorescence radiation following the ionization of non-polarized atoms by non-polarized electrons
The cross-section describing the asymmetry of angular distribution of fluorescence radiation following the ionization of non-polarized atoms by non-polarized electrons can be obtained from the general expression (2) by summing over the magnetic components of particles in the final state and averaging over them in the initial state, as well as integration over the angles of scattered and emitted electrons. But a simpler way is to use the expressions (14) and (15) . Then the differential cross-section for the asymmetry of angular distribution of the fluorescence radiation is as follows:
and the expression for the second term is (15) . The choice of laboratory z axis along the direction of incoming electrons leads to Y *
, and then
Then the expression for the cross-section describing the angular distribution of fluorescence radiation following the ionization of non-polarized atoms by non-polarized electrons can be written in the following form:
is the alignment of a non-polarized atom ionized by non-polarized electrons, and
is the asymmetry parameter of an angular distribution of emitted electromagnetic radiation. The angle θ is measured from the direction of projectile electron. The maximum value of K is determined by values of the total angular momentum J 2 of an intermediate state of ion and the multipolarity k of emitted radiation K max = 2 min(J 2 , k). In the case of dipole electric transitions, K can be equal to 1 and 2. The angular distribution of fluorescence radiation following the ionization of non-polarized atoms by non-polarized electrons was investigated by Berezhko et al. [12] using the density matrix approach.
Angular correlations between fluorescence and escaping electron following the ionization of non-polarized atoms by non-polarized electrons
In the case when polarization states of an ion A + and emitted electrons are not registered, the cross-section for angular correlations between fluorescence and one of the escaping electrons is convenient to derive using expressions (14) and (15) . Let us assume that the angular correlations are measured between a slower electron, which is marked by 2, and a photon. The expression is as follows:
The expression for the first term in (25) is
and that for the second term is (15) . At z axis along the direction of incoming electrons, one gets N 2 = −N λ 2 , and
Magnetic dichroism in the angular distribution of fluorescence radiation following the ionization of polarized atoms by non-polarized electrons
Magnetic dichroism is known as the dependence of intensity of fluorescence radiation following excitation, ionization, or photoionization of atoms on the direction of initial polarization of atoms. In the case of ionization of polarized atoms by non-polarized electrons, the cross-section for the process (1) suitable to describe the magnetic dichroism can be easily obtained by summing the general expression (2) over the magnetic components of nonregistered angular momenta M 3 , m 1 , m 2 , averaging over m 0 , and integrating over the angles of scattered and emitted electrons:
, the laboratory z axis coincides with the direction of incoming electrons (N λ 0 = 0), and
The magnetic dichroism is the difference between the cross-sections (30) measured for the opposite directions of the total angular momentum J 1 . In the case of choosing the direction of J 1 to be parallel and antiparallel to the z axis which coincides with the direction of incoming electron, (N 2 , 0) , and the difference of the cross-sections (30) is equal to
Expression (32) can be integrated over the energies of emitted electrons:
The Clebsch-Gordan coefficient in (33) is not equal to zero if K 0 + K λ 0 + K 2 is an even number. Thus, having in mind that K 0 ≤ 2J 1 , one can expect a non-zero magnetic dichroism for J 1 ≥ 1 in the case of electric dipole radiation (K 2 = 0, 1, 2). Magnetic dichroism may reveal itself even in the measurement of the total cross-section, i. e. for the cross-section (29) integrated over the angles of emitted radiation (K 2 = 0):
Here one can see that the magnetic dichroism depends only on the first process.
Concluding remarks
In two-step approximation, the general expression for the cross-section describing the properties of fluorescence radiation emitted following the ionization of polarized atoms by polarized electrons is obtained. The expression describes the polarization states and angular distributions of all particles both in the initial and final states. Some special cases suitable for the specific experimental conditions are studied as more simple cases of the general expression. In the case of ionization of non-polarized atoms by non-polarized electrons, the expressions for the parameters of the asymmetry in the angular distribution of fluorescence as well as angular correlations between fluorescence photon and one of emitted electrons are presented. The magnetic dichroism in the angular distribution of fluorescence radiation is also studied.
